Abstract. We consider the eigenvalue problem for the p(x)-Laplace-Beltrami operator on the unit sphere. We prove same integro-differential inequalities related to the smallest positive eigenvalue of this problem.
Introduction
In recent years there has been an increasing interest in the study of various mathematical problems with variable exponent (see for example [1, 11, 12, 14, 17] ). Differential equations and variational problems with p(x)-growth conditions arise from the study of elastic mechanics, oscillation problem, electrorheological fluids or image restoration ( [5, 6, 16] ). The basic properties of variable exponent function spaces were derived by O. Kováčik and J. Rákosník in [13] and (by different methods) by X.-L. Fan and D. Zhao in [10] . For a comprehensive survey concerning Lebesgue and Sobolev spaces with variable exponent we refer to [7] .
One of the most interesting topics is the p(x)-Laplacian Dirichlet problem. Our interest is in the smallest eigenvalue of this problem. X. Fan, Q. Zhang and D. Zhao in [9] studied the following eigenvalue problem
where D is a bounded domain in R n , p : D → (1, ∞) is a continuous function and λ is a real number. Denoting by Λ the set of all nonnegative eigenvalues, they showed that sup Λ = +∞. They also pointed out that, in contrast with the case p(x) = const, only under special conditions we have that inf Λ > 0. In the case of p(x)-Laplacian with Neumann boundary condition, unlike the p-Laplacian case, for very general variable exponent p(x), the first eigenvalue is not isolated, that is the infimum of all positive eigenvalues of this problem is 0 (see [8] ).
Our aim is to extend and develop the theory introduced in [3, 4] to the case of p(x)-Laplacian Dirichlet problem. In this article we prove some integro-differential inequalities related to the smallest positive eigenvalue of the eigenvalue problem for the p(x)-Laplace-Beltrami operator on the unit sphere. Such inequalities play very important role -they are necessary to investigate the behaviour of weak solutions of boundary value problems (Dirichlet, Neumann, Robin and mixed) for linear, weak quasilinear, and quasilinear elliptic divergence second order equations in cone-like domains (see [4, 18] ) and domains with boundary singularities: angular, conic points or edges (see [2, 3] ).
Preliminaries
Let B 1 (O) be the unit ball in R n , n ≥ 2, with center at the origin O and G ⊂ R n \ B 1 (O) be an unbounded domain with the smooth boundary ∂G. We
an unbounded cone-like domain Let us recall some well known formulae related to spherical coordinates:
An integro-differential inequality related to the smallest positive eigenvalue
We define the variable exponent Lebesgue space L p(x) (G) as the set of measurable
The eigenvalue problem
We consider the eigenvalue problem for the p(x)-Laplace-Beltrami operator on the unit sphere
which consists of the determination of all values ϑ (eigenvalues) for which (N EV P ) has weak solutions ψ(ω) = 0 (eigenfunctions). Here p(ω) > 1 and p(ω) ∈ C 0 (Ω).
Definition 2.1 A function ψ is said to be a weak solution of problem (N EV P ) provided that ψ ∈ W 0 1,p(ω) (Ω) and satisfies the integral identity
(Ω).
Throughout the paper we need only the smallest positive eigenvalue
[30] 
Then ϑ * > 0.
From the definition of ϑ * we obtain the following Friedrichs-Wirtinger type inequality:
with the sharp constant 1 ϑ * .
Some algebraic inequalities
Let us recall some elementary inequalities which will be used in the next chapter.
Lemma 2.6 (Cauchy's inequality)
For any a, b ∈ R and ε > 0, we have
Lemma 2.7 (Young's inequality) For any a, b ≥ 0, ε > 0 and q, q > 1 with
Lemma 2.8 (Jensen's inequality) Let a i , i = 1, . . . , n, be any nonnegative real numbers and q > 0. Then
3. The main result
(Ω) for almost all > R 1 and
where
Proof. First of all we observe that writing the function V ( ) in spherical coordinates
and differentiating it with respect to we obtain
We need to consider two possible cases. we obtain for all ε, δ > 0 
In virtue of (1) we have |∇ ω v| ≤ |∇v|. Hence we get
Therefore, by the formula (1) and because 2 < p(r, ω) ≤ p + ,
choosing ε > 0 from the equality
Therefore from (4) it follows that Hence, we can rewrite (6) 
where w(ε) = . Now our aim is to obtain the best estimate for the integral on the left hand side of the above inequality. In order to do that we find min ε∈(0,
